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ABSTRACT :

In f(R,T) theory of gravity, we have studied the interacting scalar and electromagnetic fields in
Bianchi types space-time, by considering the particular cases (R,T) = R + AT . It is observed that, even
though the line element of the space-time is distinct, the convergent and identical solution of metric functions
can be evolved in each universe along with the components of vector potential.

KEYWORDS : Bianchi types, symmetric line elements, scalar field, Electromagnetic field, isotropy,
f(R,T) =R+ AT

LIST OF SYMBOLS

1) R Ricci scalar

2) T Trace of energy momentum tensor
3) gij Metric tensor

4) Ryj Ricci tensor

5) Ty Energy momentum tensor

6) Gjj Einstein tensor

7 g determinant of metric tensor
8) Lpy Matter Lagrangian

9 V; electromagnetic four potential
10) F;j Electromagnetic field tensor
11) 6;; tensor

12) ¢ Scalar field
13) ¢ psi is function of I
14) f(R,T) FunctionofR and T

1. INTRODUCTION

Cosmological data from wide range of source have indicated that our universe is undergoing an
accelerating expansion [2-8]. To explain this fact, two alternative theories are proposed: one concept of dark
energy and other the amendment of general relativity leading to f(R) and f(R, T) theories [7, 9, 11] where R
stands for Ricci scalar R = gYR; j» Rij being Ricci tensor, T stands for trace of energy momentum tensor and
T=gYT; i »T;j being energy momentum tensor. The field equations of f (R, T) theories due to Harko [10] are
deduced by varying the action

s=JfRT)J—gd*x + [ Ln\[—gd*x, (1.1)
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where L, is lagrangian and the other symbols have their usual meaning. Energy momentum tensor is given
by

8L
Tij =ngij_2m . (1.2)

Varying the action (1.1) with respect to g%/, which yields as

f(R,T) s(-9) S(LmV=9)
L S+ AT ey

5Tq
Here we define  6;; = g%k ng' (1.4)

8s = = [ {fs R 555+ fr

B
Defining the generalized kronecker symbol i‘ii 7= & 6].[’) , we can reduce

5q2P
gU ap = 5 5 Taﬁ _gp gpngﬁgq] af _Tl]

Using above equations we can write

6T 6(gaBTaB) 598 apf TaB
590 = ogi ~ egu laes T 9 5 = Ty + 0y

Integrating (1.3), yield
frRTIRij =3 F R, T)gi; + (g1 = ViV )feR.T) = xTyj — fr(R [Ty + 6] . (1.5)
Taking trace of (1.5), we obtain
fa®,T)=2F(R,T) =3 fo(RTIR+XT =2 (R, T)IT + 6. (1.6)

Since the expression of the Ricci tensor in (1.5) is complicated, the solutions of the field equations in
general cannot be obtained. With this reality we take recourse to the particular case of the function f(R, T)
and there upon try to obtain the solution.

We consider the case (R,T) = R + AT

We follow the notations  fr(R,T) = af(R ) =1, fr(RT)= af(R D =A. 1.7)
Using (1.7), the field equation (1.5) reduces to
1
Rij = [R+T] = xT;; = A[T;; + 6;5] . (1.8a)
Using (1.7), the equation (1.6) reduces to
R+ AT =26 —xT . (1.8b)

Inserting (1.8b) in (1.8a) we obtain
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R =X[Tji —%ng-] — AT} + 6]+ 0] (1.9)

Let us now calculate the tensor 6;;. Varying (1.2) with respect to metric tensor gY and using the definition
(1.4), we obtain

Sl _aB 8%Lm,
6gij g Sgijtsgaﬁ :

2. Matter field Lagrangian L,,
The electromagnetic field tensor is given by

_ovi 9V
U™ axi  axi’

where V; is electromagnetic four potential.
The aforesaid the matter Lagrangian L, can be expressed as

1 1
L = [3 FyeFT" = S 0] @1)
where Y =), 1=VVi.

The function 1 characterizes the interaction between the scalar ¢ and electromagnetic field [1].
Then the matter tensor in (1.2) can conveniently be expressed in the mixed form

1} = (R + 5 9 FapF ) = [F0g) = V'V | 007 + 909 @2
Similarly (1.10) can be written as
6f = =T} = (¥ — 1P)o e + Yo, V'V; . (23)
The equations (2.2) and (2.3), after contraction yield
T=—@—[)p,e" (2.4)
0 =I*Pg, M. (2.5)

3. Bianchi type I cosmological model in f(R,T) = R + AT
We consider the Bianchi type I metric

ds? = dt? — a?dx? — b?dy? — c?dz?, (3.1)

where a, b, ¢ are functions of t only. In this case non-zero Ricci tensors are

14, db, ac 2 b, ab be 3 ca b 4 _d, b, ¢
Rl_a+ab+ac’ Rz_b+ab+bc’ R3_c+ca+cb’ R4_a+b+c
Electromagnetic field tensor F;;
To achieve the compatibility with the non-static space -time (3.1), we consider the electromagnetic
vector potential in the form

Vi = [Va(£), V2 (), V3 (D), Va (D] - (32)
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Then it is easy to deduce

| /7 A, VA
I=-[A 4By, (3.3)
F14=V1, F24=V2, F34=V3, (34
v 2
FjFY = — 2[1 +—+—, (3.5)
Pt =@*. (3.6)

With these quantities at our disposal the components of energy momentum tensors in (2.2) becomes

12 1t vt 1, o1y 2
T =d w0 Y 7
'A% i Lo NV
T1_%_¢¢2%, (3.7b)
v,V DA 72
T1_§_¢¢2 ;23 , (3.7¢)
NS /S LS S S TR L /%
I3 = 2a2+2 b?2 2 ¢? ZI‘IW Ve bz’ (3.7d)
TZ_V2V3 1!) ZVZ‘? , (376)
1V 1V 1V Vy2
8= - P e et~ -7
12 1V 1V, 1, o2
T§=Eﬁ+§ﬁ+5§+5¢¢2+w¢%, (3.72)
T=—@—I)¢*. (3.7h)

Similarly the components of tensor 6} in (2.3) assume the values

0f = T} — Ijig? 2, (3.82)
01 = —T} — Ijp? "1"2 (3.8b)
0} = T3 — 1?22 (3.8¢)
03 = —T7 — Ip¢p* 2, (3.8d)
02 = -T2 — [jp? 22 , (3.8¢)
63 = ~15 — 1?2, (389
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0f = —T} — (Y — Y)P? + [P@2V,°, (3.89)

Variation of lagrangian in (2.1) with respect to the electromagnetic field gives

%%(\/—_‘gﬂj) — (@ 0l)pAi =0, where ) = %

i1 = i\ W vafb ¢ _d]_ o

for i=1j=4=> (V1)+V12+V1[b+c a]—l[)go R (3.92)
== Vo) Vel (Va4 Bl _ oo

for 1—2,]—4:>(V2)+V22+V2[C+a b]—l[)go , (3.9b)
i3 i Vs V' Vsfa b€l _ .o

for 1—3,]—4:>(V3)+V32+V3[a+b C]—l[)go R (3.9¢)

for i=4,j=4=1V,=0. (3.9d)

Since for the space-time (3.1) R} = 0,R3 = 0, R2 = 0 the field equation (1.9), yield

Bt = g? — 2 g7, (3.10a)
1v2

AR

v, = Pet = 1ot (3.10b)
Y% _ ho? — A 1io?

Ly, = Yo7 — 1ot (3.10¢)

From (3.10) we can write

AR AR A T
Who VoV Wals L 3.11
AR ARAT Yo p Yo©, (3.11)

ViV, Vs _ R

=r_B_n
or L h T n TR say (3.12)

where h; is some unknown function of't .
Inserting (3.12) in (3.11) we get

o\ 2 ) N

P\ () (M) 2 — A i

(hl) _(hl) _(hl) YoT = 1YeT. (3.13)
Integrating equations (3.12) with respect to t, yield

V1 = k1h1 N VZ = k2h1 N 3= k3h1 N (314)

where kq,k,, k3 are constants of integration
Now our plan is to express the components of Tj in (3.7) in terms of T4 . For this we consider the expression
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SR X V2 w2 2\ SR\ 2
L+ﬁ+;—2=(L+ﬁ+i)(—l) by (3.12)

a? a? cz ) \hy

-] (Z—)2 by (3.3) and (3.9d)

= j—(]zl;l}gbz — IY@? by(3.13). (3.15)

We attempt to express the components of T]-i in (3.7) in terms of T, by using (3.12), (3.13) and (3.15)

T# = J9g? =5 9% + 521267 (3.16a)
Ti = ~Tf — 2 1jg? o, (3.16b)
13 = T} =212 b (3.16¢)
13 = T =212 oy (3.16d)
T =—@—I)¢?, (3.16¢)

We consider the non-vanishing components of Ricci tensor G, G2, G35 from (1.9) by using (3.16) and (3.8)

d ab ac
E+E+;+_0’ (3.173)
b , ab | b¢
;+E+E—0, (3.17b)
¢ ac¢ | bé
;+—+E—0, (3.17C)

With the help of (3.12) we can write equation (3.9) as

) R’ Rab ¢ d] o
(h1)+h12+h1[b+c ) = Vot (3.182)
Ra) R Bafe  d B] o
(hl) toztn it ol =¥et (3.18b)
(ﬁ).+h_12+ﬁg+é_£=lj)-2 (318C)
hi h? nla b ¢ - .
Further this equation imply
b ¢ a ¢, ,a b ¢
vte aTcta ety
a_ b _¢
o e b ¢’ (3.19)

Inserting (3.19) in (3.17) we obtain
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d )2 b b\? ¢ ¢\2
£+2(8) =0, 2+2(3) =0, £+2(5) =o0. (3.20)
Upon integration of the equations in (3.20), yield

1 1 1
a = (3kat + 3ks)3, b= 3ket+3ks)s ,  c= (3kgt+3ko)3, (3.21)

where k's are constant of integration.

Since  S=7=° weget ky=ke=ky and ks=k, =ko
Let ky=ke=kg=d,say and ks=k;=kg=d,,say
1
a=b=c=(3dyt +3d,) (3.22)

Inserting (3.22) in (3.18), we get

(L) + o e ] = g2 (3.23)

But from (3.13) and (3.23) we have

(LY (3.24)

) T r? " hy [3d,e+3d,] T %
If we confine v as linear function ¥ (3 = kyol + k41 or 3 = 0) then (3.24) have perfect solution
2
hy = kysexp {k14(3d1t + 3d2)3} . (3.25)

With the help of (3.25) the equations in (3.14) convert into

2

V, = kysexp {k14(3d1t + 3d2)§} , (3.262)
2

V, = kygexp {k14(3d1t + 3d2)§} , (3.26b)
2

Vs = kyqexp {k14(3d1t + 3d2)5} , (3.26¢)

From (3.13) and (3.25), we get

2
QD = k18(3d1t + gdz)g + k19 N
where d's and k's are constants of integration.
4. Bianchi type III cosmological model in f(R,T) = R + AT
We consider the Bianchi type I1I metric

ds? = —dt? + A%’dx? + B2e™2™*dy? + C%dz? (4.1)
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where A4, B, C functions of t and m is constant.
In this case non-zero Ricci tensors are

Rl=m_A_48 A p1_mAd_mB - pp_m _5_AB_BC
17 a2 a4 a4 4ac’ 47 43 a2 27 42 B AB BC
¢ AC BC mB  md i B ¢
R} =—_Ct_Ac_ B¢ Rr=TE_m4 g2 B ¢
¢ AC BC B A A B C

We assume the vector potential as
A; = [u@)Vi(D), V,(8), V5(0), Va(®)] .

By applying the same procedure as in section 3 we obtain metric functions as
A=B=C=(3dst +3d,): .

And components of vector potential as

u(x) =ne™,
2
V1 = Nqi9€Xp {n18(3d3t + 3d4)3} .

2

VZ = leoexp {n18(3d3t + 3d4)§} N
2

V3 =nyiexp {n18(3d3t + 3d4)5} )

2
and P =Ny, (3d3t + 3d4)§ + Nnys3,
where d's and n's are constants of integration.

5. Bianchi type VI, cosmological model in f(R,T) = R + AT
We consider the Bianchi type VI, metric

— 2 2
ds? = dt? —a,2dx? — a,%e ™ *dy? — ay2e?™ *dz? .
In this case non-zero Ricci tensors are

. .
Zm” | 4y

Rl = _ +4 aia; |, a,43 1_m [ﬁ _ ﬁ] R2 = a; | Q14p | Qpdg
1 a2 ay aqa, ajaz 47 ag2la,  asl’ a, a.a, aas
3 _ ds da,dsz dpdsz 4 _ 2 [as da, 4 _ G dy dsz
R3—_+_+_, Rl—m — 1, R4—_+_+_
as a;as azasz as az a az as

We assume the electromagnetic vector potential in the from
A; = Vi (0, V2(0), V3(0), Vo (0] .

By applying the same procedure as in section 3 we obtain metric function as

(4.2)

(4.3)

(4.4a)

(4.4b)

(4.4¢)
(4.44)

(4.4¢)

(4.5)

.1)

(5.2)
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1
a1 = az = a3 = (3d5t + 3d6)5 . (53)

And components of vector potential as

u(x) = constant , (5.4a)
Vi = mysexp {m15(3d5t + de)g} , (5.4b)
V; = mygexp {m15(3d5t + de)g} , (5.4¢)
V3 = mygexp {m15(3d5t + de)g} , (5.4d)
V,=0, (5.4¢)
and @ =my, (3dst + 3dg): + My, (5.5)

where d's and m's are constants of integration.
6. Spatially homogeneous and anisotropic Kantowaski-sachs cosmological model in
f(R,T) =R+ AT
We consider the spatially homogeneous and anisotropic Kantowaski-sachs metric
ds? = dt? — A%dr? — B%(d6? + sin?0 d¢?) , (6.1)
where A, B are functions of't.

In this case non-zero Ricci tensors are

R%=£+£, R§=§+(§)2+%+£,
A AB B B B AB
s B (B\*, 1 , 4B s A B
RI=2+(2) ++5 Ré=2425
B B B AB A B

Electromagnetic field tensor F;;
We assume the electromagnetic vector potential in the from

A; = [V1(0), u(@IV, (1), V3 (1), Vo ()] . (6.2)

Applying the procedure similar in section 3 we obtain metric functions as
1
A=B=(3d,;t+dg)3 (6.3)

and components of vector potential as

u(8) = licosec , (6.4a)
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Vy = lisexp {Lis Byt + dg)3) | (6.4b)
Vo = ligexp {113 (3dyt + ds)g} , (6.4c)
Vs = lisexp {Lis(3dt + dg)3} | (6.4d)
V,=0, (6.4e)
0 = Lig(3d,t + 3dg)s + Ly 6.5)

where d's and l's are constants of integration.
7. Robertson-walker universe cosmological model in f(R,T) = R + AT
We consider the metric of universe given by Robertson-walker metric
ds? = dt? — a?(dx? + dy? + dz?) , (7.1)
where a is function of t.

In this case non-zero Ricci tensors are
1 d a\? 2 d a\? 3 _d a\? 4 d
RE=2+3(%), RE=Z2+2(5). RI=S+2(%). RE=3%
a a a a a
We consider the electromagnetic vector potential in the from

A; = [Va(6), V2(), V5 (), Va(®)] . (7.2)

Applying the procedure similar in section 3 we obtain metric functions as

1
a = (3qst + 3¢s)3 (7.3)

and vector potential as

2
Vi = qqoexp {CIS (Bqst + CI5)5} s (7.4a)

2
Vy = quiexp {CIS(3CI4t + CI5)3} s (7.4b)

2
V3 = qi2exp {CIS(3CI4t + CI5)5} s (7.4¢)
V,=0, (7.4d)

2

and ¢ = q13(3qat + qs)3 + Gua (7.5)

where q's are constants of integration.
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8. Bianchi type II cosmological model f(R,T) = R + AT
We consider the Bianchi type II metric

ds? = —dt? + A%(dx? + dz?) + B*(dy — xdz)?, (8.1)
where A, B are functions of't.

In this case non-zero Ricci tensors are

Rl — A A*2 AB | B? RZ — B 24B  B? RZ — Ax  Bx A2x+ A3x+ B%x
17 4 a2 aB ' 24%° 27 B AB 24%° 37 4 B a2 " aB T oat
RI_ _A_# _is 8 Rt — _gA_B
37 4 a2 aB  24%° 47 %4 B

We consider the electromagnetic vector potential in the from
A; = [u@)Vi(6), V2 (1), V3(0), Va(0)] (8.2)
Applying the procedure similar in section 3 we obtain metric functions as
1

and vector potential as

u(x) = Constant , (8.4a)
2

Vi = pizexp {p12(3d9t + 3d1o)3} , (8.4b)
2

V; = p1sexp {p12(3d9t + 3d1o)3} s (8.4¢)
2

V3 = pisexp {p12(3d9t + 3d1o)3} , (8.4d)

vV, =0, (8.4¢)
2

and ¢ = p17exp {P12 (3dot + 3d1o)3} +D1s »

where d's and p's are constant of integration.

9. Bianchi type VIII cosmological model

We consider the Bianchi type VIII metric
ds? = dt? — A%dx? — [A%cosh?x + B%sinh®x]dy? — B*dz? — 2B%sinhxdydz, (9.1)

where A, B are functions of't.

In this case non-zero Ricci tensors are

A A2 AB  B? 1, B*

Ri="4Z+———o——+

Tt et T om a2t etanhx, Ry = ——jtanhx ,

2A%
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1 2tanh?x = 2B%tanh?x = A = A% 1 sinhx B? sinhx
R; = + + +o+ 5 - -

A?%cosh?x A2 A% A A%2 A2 cosh3x  A* cosh3x

AB
+ 5 +
s A 2 - A 3 B2 B*
2BB —<tanh“x — 2BB — tanhxsechx — = — tanhxsechx — — tanhxsechx
A A 24 A

B 2AB  B?> 3B? A B
R§=—+—+— —tanhzx, R2=ZZ+E

2 _ 3B? sinhx
B AB A% 2A%

3 7 24% cosh?x °

R

Electromagnetic field tensor F;;
We consider the electromagnetic vector potential in the form

A; = [u()V1(0), V2 (1), Vs(D), Va(0)] . 2)
By applying the procedure similar in section 3 we obtain metric functions as
1
A=B= (3r5t + r6)3 (93)

And vector potential as

u(x) = rysechx , (9.4a)
Vi =rexp {r11(3r5t + ré)g} , (9.4b)
V; =rizexp {r11(3r5t + Te)g} , (9.4¢)
V3 =r.exp {r11(3r5t + ré)g} , (9.4d)
V,=0, (9.4e)
and @ =163rst + r6)§ + 15, 9.5)

where r's are constants of integration.

10. CONCLUSION

1) In the present paper we have considered particular cases of f(R,T) theory of gravity f(R,T) =R+ AT
model in different Bianchi types and some symmetric metric.

2) It is observed that, even though the line elements are distinct, the convergent, non-singular, isotropic
solution can be evolved in each metric along with the components vector potential.

3) we believe firmly that, due to the interacting scalar and electromagnetic field in f(R, T) theory, the metric
functions and vector potentials convert into isotropic.

4) Each models show that universe expand algebraically in f(R,T) = R + AT theory of gravity.

5) The metric functions (scale factor) in each non-static space-time admits constant value at early time of the
universe (f — 0) and after that metric functions start increasing with increase in cosmic time, and finally
diverge to 00 as f —> 00. This shows that universe expands and approaches to infinite volume.

5) It is also interesting to note that the investigated models are free from singularity in each metric.
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