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ABSTRACT  

We consider the stochastic controllability problem for 
nonlinear intrgrodifferential systems with time variable delay in 
control. Controllability problem for nonlinear stochastic 
differential systems has been studied by enormous researchers. 
Most of the researchers have considered the nonlinear stochastic 
differential systems with fixed/variable time delay in control. Some 
of the researchers have studied controllability of deterministic 
nonlinear systems with fixed/variable time delay in control.   
 In this article we have studied the controllability of 
nonlinear stochastic intrgrodifferential systems with time variable 
delay in control. We have illustreted the results obtained in this 
article with some examples. 
 
KEY WORDS: Controllability; Nonlinear integrodifferential systems; Time variable delay; Stochastic 
systems. 
 
I. INTRODUCTION 
 Let ℋ, ࣥ and ࣯ be separable Hilbert spaces. Let (Ω, ℱ, ℙ) be a complete probability space with a 
filtration {ℱ௧}௧ஹ଴. A filtration {ℱ௧}௧ஹ଴ is right continuous and ℱ଴ contains all ℙ-null sets. ॱ(⋅) denotes the 
expectation with respect to measure ℙ. Consider the nonlinear system with variable delay in control as 
follows:  
 

 
(ݐ)ݔ݀ = (ݐ)ݔܣ] + (ݐ)ݑଵܤ + ((ݐ)ݒ)ݑଶܤ + ,ݐ)݂ ,(ݐ)ݔ ∫  ௧଴ ,ݏ)݃ ݐ݀[(ݏ݀((ݏ)ݑ

+ℎ(ݐ, ,(ݐ)ݔ ∫  ௧଴ ,ݏ)݇ ݐ    ,(ݐ)ݓ݀(ݏ݀((ݏ)ݑ ∈ ܫ = [0, ܶ],
 (1) 

 
with initial conditions  
 

(0)ݔ  = ଴ݔ ∈ ℒଶ(Ω, ℱ଴,ℋ)      and    (ݐ)ݑ = ݐ    ,0 ∈  (2) .[0,(0)ݒ]
 

:ܣ (ܣ)ܦ ⊂ ℋ → ℋ is a closed linear operator generating strongly continuous semigroup ܵ(ݐ), ܤଵ, ଶܤ ∈
ℒ(࣯,ℋ) are bounded linear operators and {(ݐ)ݓ: ݐ > 0} is a given ࣥ-valued Wiener process with a finite 
trace nuclear covariance operator ܳ > 0.  

Let ℒொ(ࣥ,ℋ) be the space of all ܳ-Hilbert-Schmidt operators ℎ: [0, ܶ] × ℋ × ࣯ → ℒொ(ࣥ, ℎ) with 
norm ∥⋅∥ defined as ∥ ℎ ∥ொ= :݂ and (ℎܳℎ்)ݎܶ [0, ܶ] × ℋ × ࣯ → ℋ, ݃, ݇: ܫ × ࣯ → ࣯. ℒଶℱ([0, ܶ] × ℋ,ℋ) is 
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the space of all ℱ௧-adapted, ℋ-valued measurable square integrable processes with the norm ∥⋅∥ℋ. (ݐ)ݒ = ݐ −
,is continuously differentiable and strictly increasing function defined on [0 (ݐ)ߛ ܶ], and (ݐ)ߛ > 0 is a time 
variable point delay. For convenience, consider the time-leading function (ݐ)ݎ = ݐ +  which is the ,(ݐ)ߛ
inverse function for (ݐ)ݒ. That is, we have ((ݐ)ݒ)ݎ = ݐ Note that for .ݐ ∈ [0,  system (1) is in fact a [(ܶ)ݒ
system without delay. Hence, from this point onwards we will assume that ݒ(ܶ) > 0. 

In this article, we will study the approximate controllability of stochastic semilinear integrodifferential 
infinite dimensional systems (1) with time variable delay in control. In section 2, some preliminaries are 
discussed. The approximate controllability of the system (1) is studied in section 3. Finally in section 4, some 
examples are discussed. 

 
II. PRELIMINARIES 
For notational convenience, we assume  
 

 
(ݐ)ݑܩ = ∫  ௧଴ ,ݏ)݃ ,ݔ)ܨ  and  ݏ݀((ݏ)ݑ (ݐ)(ݑ = ,ݐ)݂ ,(ݐ)ݔ ,((ݐ)ݑܩ

(ݐ)ݑܭ = ∫  ௧଴ ,ݏ)݇ ,ݔ)ܪ  and  ݏ݀((ݏ)ݑ (ݐ)(ݑ = ℎ(ݐ, ,(ݐ)ݔ .((ݐ)ݑܭ
 

 
 The mild solution of (1) is defined as  
 

 
;ݐ)ݔ ,଴ݔ (ݑ = ଴ݔ(ݐ)ܵ + ∫  ௧଴ ݐ)ܵ − (ݏ)ݑଵܤ](ݏ + ,ݔ)ܨ ݏ݀[(ݏ)(ݑ

+∫  ௧଴ ݐ)ܵ − ݏ݀((ݏ)ݒ)ݑଶܤ(ݏ + ∫  ௧଴ ݐ)ܵ − ,ݔ)ܪ(ݏ .(ݏ)ݓ݀(ݏ)(ݑ
 (3) 

 
Taking into account the zero initial control for ݐ ∈   the mild solution (3) can be written as ,[0,(0)ݒ]
 

 

;ݐ)ݔ ,଴ݔ (ݑ = ଴ݔ(ݐ)ܵ + ∫  ௩(௧)
଴ ݐ)ܵ] − ଵܤ(ݏ + ݐ)ܵ − ݏ݀(ݏ)ݑ[(ݏ)′ݎଶܤ((ݏ)ݎ

+∫  ௧
௩(௧) ݐ)ܵ − ݏ݀(ݏ)ݑଵܤ(ݏ + ∫  ௧଴ ݐ)ܵ − ,ݔ)ܨ(ݏ ݏ݀(ݏ)(ݑ

+∫  ௧଴ ݐ)ܵ − ,ݔ)ܪ(ݏ .(ݏ)ݓ݀(ݏ)(ݑ

 (4) 

 
Let ࣯௔ௗ = ℒଶ

ℱ೟([0, ܶ] × Ω;࣯). Define the set of all reachable states as follows:  
 

 ்ܴ(ܶ; ଴ݔ , (ݑ = ;ܶ)ݔ} ,଴ݔ (⋅)ݑ|(ݑ ∈ ࣯௔ௗ , ଴ݔ ∈ ℒଶ(Ω, ℱ் ,ℋ)}. 
 

Definition 1  The controlled stochastic system (1) is said to be relatively exactly controllable on [0, ܶ] if for 
every initial condition ݔ଴ ∈ ℒଶ(ߗ, ℱ଴, ݑ there is some control ,(ܪ ∈ ࣯௔ௗ  such that ܴ(ܶ; ,଴ݔ (ݑ =
ℒଶ(ߗ, ℱ்,ℋ).  
Definition 2  The controlled stochastic system (1) is said to be relatively approximately controllable on [0, ܶ] 
if for every initial condition ݔ଴ ∈ ℒଶ(ߗ, ℱ଴, ݑ there is some control ,(ܪ ∈ ࣯௔ௗ  such that ܴ(ܶ; ,଴ݔ (ݑ =
ℒଶ(ߗ, ℱ்,ℋ).  
If ܶ > 0 is arbitrarily small, then we say that system is small time relatively exactly controllable, and small 
time relatively approximately controllable. 
Define the linear bounded control operator ்ܮ ∈ ℒ(࣯௔ௗ , ℒଶ(Ω, ℱ் ,ℋ)) as follows:  
 

ݑ்ܮ  = ∫  ௩(்)
଴ (ܵ(ܶ − ଵܤ(ݐ + ܵ(ܶ − ݏ݀(ݏ)ݑ((ݏ)′ݎଶܤ(ݏ)ݎ + ∫  ்

௩(்) ܵ(ܶ −  .ݏ݀(ݏ)ݑଵܤ(ݏ
 

The adjoint ்ܮ∗ : ℒଶ(Ω, ℱ் ,ℋ) → ࣯௔ௗ of ்ܮ is  
 

∗்ܮ  = ܶ)∗ܵ∗ଵܤ) − (ݐ + ܶ)∗ܵ∗ଶܤ − ⋅}ॱ((ݐ)′ݎ((ݐ)ݒ |ℱ௧},    ݐ ∈ [0, ,[(ܶ)ݒ
∗்ܮ = ܶ)∗ܵ∗ଵܤ − ⋅}ॱ(ݐ |ℱ௧},    ݐ ∈ ,(ܶ)ݒ) ܶ].  
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 We observe that  
 

 ܴ(ܶ; ,଴ݔ (ݑ = ଴ݔ(ܶ)ܵ + Im்ܮ + ∫  ்
଴ ܵ(ܶ − ,ݔ)ܨ(ݏ  ݏ݀(ݏ)(ݑ

 +∫  ்
଴ ܵ(ܶ − ,ݔ)ܪ(ݏ  .(ݏ)ݓ݀(ݏ)(ݑ

 
The deterministic controllability operator is defined as  
 

Ψ௦் = න  
௩(்)

௦
ܶ)ܵ(ݐ)′ݎ) − ܶ)∗ܵ∗ଶܤଶܤ((ݐ)ݎ − (ݐ)′ݎ((ݐ)ݎ + ܵ(ܶ − ܶ)∗ܵ∗ଵܤଵܤ(ݐ − ݐ݀((ݐ

+න  
்

௩(்)
ܵ(ܶ − ܶ)∗ܵ∗ଵܤଵܤ(ݐ − ,ݐ݀(ݐ ݏ < ,(ܶ)ݒ

 

  Ψ௦் = ∫  ்௦ ܵ(ܶ − ܶ)∗ܵ∗ଵܤଵܤ(ݐ − ,ݐ݀(ݐ ݏ ≥  ,(ܶ)ݒ
 
and linear controllability operator Π଴் ∈ ℒ(ℒଶ(Ω, ℱ் ,ℋ), ℒଶ(Ω, ℱ் ,ℋ)) associated with (1) is defined as  
 

Π଴் = න  
௩(௧)

଴
ܶ)ܵ(ݐ)′ݎ) − ܶ)∗ܵ∗ଶܤଶܤ((ݐ)ݎ − (ݐ)′ݎ(ݐ)ݎ + ܵ(ܶ − ܶ)∗ܵ∗ଵܤଵܤ(ݐ − ⋅}ॱ((ݐ |ℱ௧}݀ݐ

+න  
்

௩(௧)
ܵ(ܶ − ܶ)∗ܵ∗ଵܤଵܤ(ݐ − ⋅}ॱ(ݐ |ℱ௧}݀ݐ.

 

 
 We assume  
 
Hypothesis 1  
A. The functions ݂, ℎ: [0, ܶ] × ℋ × ࣯ → ℋ, ݃, ݇: [0, ܶ] × ࣯ → ℒொ(ࣥ,ℋ) satisfy the Lipschitz condition. 

That is, there exists some positive constant ܮ such that for all ݔଵ, ଶݔ ∈ ℋ, ,ଵݑ ଵݑ ∈ ࣯, ݐ ∈ [0, ܶ]  
 ∥ ,ݐ)݂ ,ଵݔ (ଵݑ − ,ݐ)݂ ,ଶݔ (ଶݑ ∥ଶ +∥ ℎ(ݐ, ,ଵݔ (ଵݑ − ℎ(ݐ, ,ଶݔ (ଶݑ ∥ொଶ  
 ≤ ∥)ܮ ଵݔ − ଶݔ ∥ଶ +∥ ଵݑ − ଶݑ ∥ଶ), 
 ∥ ,ݐ)݃ (ଵݑ − ,ݐ)݃ (ଶݑ ∥ଶ +∥ ,ݐ)݇ (ଵݑ − ,ݐ)݇ (ଶݑ ∥ଶ≤ ܮ ∥ ଵݑ − ଶݑ ∥ଶ. 

B. The functions ݂, ݃ are continuous on [0, ܶ] × ℋ × ࣯, and there exists some positive constants ܮ > 0 such 
that for all ݔ ∈ ℋ, ݑ ∈ ࣯, ݐ ∈ [0, ܶ]  

 ∥ ,ݐ)݂ ,ݔ (ݑ ∥ଶ +∥ ℎ(ݐ, ,ݔ (ݑ ∥ொଶ≤ ∥+1)ܮ ݔ ∥ଶ +∥ ݑ ∥ଶ) 
 ∥ ,ݐ)݃ (ݑ ∥ଶ +∥ ,ݐ)݇ (ݑ ∥ொଶ≤ ∥+1)ܮ ݑ ∥ଶ). 

C. ݂ and ℎ are bounded on [0, ܶ] ×ℋ × ࣯.  
D. ݃ and ݇ are bounded on [0, ܶ] × ࣯.  

 
Remark 1  From Hypothesis 1 (A), We have  

 ॱ ∥ (ݐ)ଵݑܩ − (ݐ)ଶݑܩ ∥ଶ+ ॱ ∥ (ݐ)ଵݑܭ − (ݐ)ଶݑܭ ∥ 

 = ॱቛ∫  ௧଴ ,ݏ)݃) ((ݏ)ଵݑ − ,ݏ)݃ ቛݏ݀(((ݏ)ଶݑ
ଶ

+ ॱቛ∫  ௧଴ ,ݏ)݇) ((ݏ)ଵݑ − ,ݏ)݇ ቛݏ݀(((ݏ)ଶݑ
ଶ
 

  

 
≤ ∫ॱݐ  ௧଴ (∥ ,ݏ)݃ ((ݏ)ଵݑ − ,ݏ)݃ (((ݏ)ଶݑ ∥ଶ +∥ ,ݏ)݇ ((ݏ)ଵݑ − ,ݏ)݇ ((ݏ)ଶݑ ∥ଶ)݀ݏ

≤ ∫ॱݐܥ  ௧଴ ∥ (ݏ)ଵݑ − (ݏ)ଶݑ ∥ଶ ݏ݀
≤ ଶݐܥ ∥ ଵݑ − ଶݑ ∥ଶ

 

 
And from Hypothesis 1 (B), We have  
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ॱ(∥ (ݐ)ݑܩ ∥ଶ +∥ (ݐ)ݑܭ ∥ଶ) = ॱቛ∫  ௧଴ ,ݏ)݃ ቛݏ݀((ݏ)ݑ
ଶ

+ ॱቛ∫  ௧଴ ,ݏ)݇ ቛݏ݀((ݏ)ݑ
ଶ

 ≤ ॱݐ ∫  ௧଴ (∥ ,ݏ)݃ ((ݏ)ݑ ∥ଶ +∥ ,ݏ)݇ ((ݏ)ݑ ∥ଶ)݀ݏ

 ≤ ∫ॱݐܥ  ௧଴ (1+∥ (ݏ)ݑ ∥ଶ)݀ݏ

 ≤ ݐܥ ቀݐ + ॱ∫  ௧଴ ∥ ݑ ∥ଶ ቁݏ݀

 

 
 Hence  
 

 ∥ ݑܩ ∥ଶ +∥ ݑܭ ∥ଶ= sup
௧∈ூ

(∥ ((ݐ)ݑܩ ∥ଶ +∥ (ݐ)ݑܭ ∥ଶ) ≤ ∥+ଶ(1ܶܥ ݑ ∥ଶ). 

 
Under the hypothesis 1, for any ݑ ∈ ࣯௔ௗ there exists the unique mild solution to an integral equation (4) [7]. 
 
III. Controllability of nonlinear systems 
Consider the linear stochastic system corresponding to the nonlinear stochastic system (1) defined as follows:  
 

(ݐ)ݔ݀  = (ݐ)ݔܣ] + (ݐ)ݑଵܤ + ((ݐ)ݒ)ݑଶܤ + ݐ݀[(ݐ)෨ܨ + ,(ݐ)ݓ݀(ݐ)෩ܪ ݐ ∈ ,ܫ
(0)ݔ = ,଴ݔ  (5) 

 
where ܨ෨(ݐ) = ,ݐ)݂ ∫  ௧଴ (ݐ)෩ܪ and (ݏ݀(ݏ)݃ = ℎ(ݐ, ∫  ௧଴  .(ݏ݀(ݏ)݇
 
The mild solution of the linear system (5) is given by  
 

 

;ݐ)ݔ ,଴ݔ (ݑ = ଴ݔ(ݐ)ܵ + ∫  ௩(௧)
଴ ݐ)ܵ] − ଵܤ(ݏ + ݐ)ܵ − ݏ݀(ݏ)ݑ[(ݏ)′ݎଶܤ((ݏ)ݎ

+∫  ௧
௩(௧) ݐ)ܵ − ݏ݀(ݏ)ݑଵܤ(ݏ + ∫  ௧଴ ݐ)ܵ − ݏ݀(ݏ)෨ܨ(ݏ

+∫  ௧଴ ݐ)ܵ − .(ݏ)ݓ݀(ݏ)෩ܪ(ݏ

 (6) 

 
We have the following representation theorem.  
 
Lemma 1 ([9])  For any ℎ ∈ ℒଶ(ℱ் ,ℋ) there exists a unique ߶ ∈ ℒଶℱ([0, ܶ], ℒொ(ࣥ,ℋ)) such that  

 ℎ = ॱℎ + ∫  ்
଴  (7) .(ݏ)ݓ݀(ݏ)߶

 
Lemma 2  For arbitrary ℎ ∈ ℒଶ(ℱ்,ℋ), ܨ෨(⋅) ∈ ℒଶℱ([0, ܶ],ℋ), ܪ෩(⋅) ∈ ℒଶℱ([0, ܶ], ℒொ(ࣥ,ℋ), the control  

(ݐ)ݑ  = ܶ)∗ܵ∗ଵܤ − ߙ)(ݐ +Ψ଴்)ିଵ(ॱℎ −  (଴ݔ(ܶ)ܵ
ܶ)∗ܵ∗ଵܤ−  − (ݐ ∫  ௩(்)

଴ ߙ) +Ψ௦்)ିଵܵ(ܶ −                                                  ݏ݀(ݏ)෨ܨ(ݏ
ܶ)∗ܵ∗ଵܤ−              − (ݐ ∫  ௩(்)

଴ ߙ) + Ψ௦்)ିଵ[ܵ(ܶ − (ݏ)෩ܪ(ݏ − ,(ݏ)ݓ݀[(ݏ)߶ ݐ ∈ [0,  ,[(ܶ)ݒ
 

and                                                                                                                                                                                                       
 

(ݐ)ݑ = ܶ)∗ܵ∗ଵܤ) − (ݐ + ܶ)∗ܵ∗ଶܤ − ߙ)((ݐ)′ݎ(ݐ)ݎ + Ψ଴
்)ିଵ(ॱℎ −                               (଴ݔ(ܶ)ܵ

ܶ)∗ܵ∗ଵܤ)−  − (ݐ + ܶ)∗ܵ∗ଶܤ − ∫((ݐ)′ݎ(ݐ)ݎ  ்
௩(்) ߙ) + Ψ௦

்)ିଵܵ(ܶ −  ݏ݀(ݏ)෨ܨ((ݏ)ݎ

ܶ)∗ܵ∗ଵܤ)− − (ݐ + ܶ)∗ܵ∗ଶܤ − ((ݐ)′ݎ(ݐ)ݎ ∫  ்
௩(்) ߙ) + Ψ௦

்)ିଵ[ܵ(ܶ − (ݏ)෩ܪ((ݏ)ݎ − ݐ  ,(ݏ)ݓ݀[(ݏ)߶ ∈ ,(ܶ)ݒ] ܶ], (8) 
 
transfers the system (6) from ݔ଴ ∈ ℋ to  
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(ܶ)ݔ = ℎ − ߙ)ߙ + Ψ଴்)ିଵ(ॱℎ − (଴ݔ(ܶ)ܵ − ߙ ∫  ்
଴ ߙ) + Ψ௦்)ିଵܵ(ݐ − ݏ݀(ݏ)෨ܨ(ݏ

ߙ− ∫  ்
଴ ߙ) + Ψ௦்)ିଵ[ܵ(ݐ − (ݏ)෩ܪ(ݏ − (ݏ)ݓ݀[(ݏ)߶

 (9) 

 
 at time ܶ. Here ߶ comes from Lemma 1.  
Proof. By substituting (8) and into (6) and using Fubini theorem we get (9) (see Lemma 4 in [12]).  
 
Define the operator Φఈ:ℋ × ࣯௔ௗ → ℋ × ࣯௔ௗ  as follows:  
 

,(ݐ)ఈݖ)  ((ݐ)ఈߚ = Φఈ(ݔ,  (10) ,(ݐ)(ݑ
 

where  

(ݐ)ఈݖ = ଴ݔ(ݐ)ܵ + න  
௩(௧)

଴
ݐ)ܵ) − ଵܤ(ݏ + ݐ)ܵ − ݏ݀(ݏ)ఈߚ((ݏ)′ݎଶܤ((ݎ)ݎ +න  

௧

௩(௧)
ݐ)ܵ − ݏ݀(ݏ)ఈߚଵܤ(ݏ

+න  
௧

଴
ݐ)ܵ − ,ݔ)ܨ(ݏ ݏ݀((ݏ)(ݑ + න  

௧

଴
ݐ)ܵ − ,ݔ)ܪ(ݏ ,(ݏ)ݓ݀(ݏ)(ݑ

 

 
where  

ఈߚ = ܶ)∗ܵ∗ଵܤ − ߙ)(ݐ +Ψ଴்)ିଵ(ॱℎ −                                                                         (଴ݔ(ܶ)ܵ
ܶ)∗ܵ∗ଵܤ−         − (ݐ ∫  ௩(்)

଴ ߙ) +Ψ௦
்)ିଵܵ(ܶ − ,ݔ)ܨ(ݏ                                                  ݏ݀(ݏ)(ݑ

ܶ)∗ܵ∗ଵܤ−         − (ݐ ∫  ௩(்)
଴ ߙ) +Ψ௦்)ିଵ[ܵ(ܶ − ,ݔ)ܪ(ݏ (ݏ)(ݑ − ,(ݏ)ݓ݀[(ݏ)߶ ݐ ∈ [0,  ,[(ܶ)ݒ

 
 and  

ఈߚ = ܶ)∗ܵ∗ଵܤ) − (ݐ + ܶ)∗ܵ∗ଶܤ − ߙ)((ݐ)′ݎ(ݐ)ݎ + Ψ଴்)ିଵ(ॱℎ −                                (଴ݔ(ܶ)ܵ
ܶ)∗ܵ∗ଵܤ)−          − (ݐ + ܶ)∗ܵ∗ଶܤ − ((ݐ)′ݎ(ݐ)ݎ ∫  ்

௩(்) ߙ) +Ψ௦்)ିଵܵ(ܶ − ,ݔ)ܨ((ݏ)ݎ  ݏ݀(ݏ)(ݑ
ܶ)∗ܵ∗ଵܤ)−  − (ݐ + ܶ)∗ܵ∗ଶܤ − ((ݐ)′ݎ(ݐ)ݎ ×                                                                
∫  ்
௩(்) ߙ) +Ψ௦்)ିଵ[ܵ(ܶ − ,ݔ)ܪ((ݏ)ݎ (ݏ)(ݑ − ,(ݏ)ݓ݀[(ݏ)߶ ݐ ∈ ,(ܶ)ݒ] ܶ], (11) 

 
The existence of a unique fixed point to the operator is proved in the following theorem. 
 
Theorem 1  Assume that Hypothesis 1 (A) and (B) are true. Then for any ߙ > 0 the operator ߔఈ  has a unique 
fixed point.  
Proof. Proof is similar to the proof of Theorem 3.1 in [11].  
Now, we prove the relative approximate controllability of the nonlinear stochastic system (1). 
Theorem 2  Assume that Hypothesis 1 is true and linear stochastic system (5) is relatively approximately 
controllable, then nonlinear stochastic system (1) is relatively approximately controllable.  

  
Proof. The proof is similar to the proof of Theorem 7 in [12].  
Corollary 1  Assume that Hypothesis 1 is true. If the semigroup S(t) is analytic and the deterministic linear 
system corresponding to (5) is relatively approximately controllable on [0, ܶ] then the nonlinear stochastic 
system (1) is relatively approximately controllable on [0, ܶ].  
Proof. It is well known that, the semigroup ܵ(ݐ) is analytic and the linear stochastic system (5) is relatively 
approximately controllable on [0, ܶ] if and only if the deterministic linear system corresponding to (5) is 
relatively approximately controllable on [0, ܶ] (See [9], Theorem 4.3). Then by Theorem 2 nonlinear 
stochastic system is relatively approximately controllable.  
 
Define the operator Φ଴:ℋ × ࣯௔ௗ → ℋ × ࣯௔ௗ  as follows:  
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,(ݐ)ݖ)  ((ݐ)ߚ = Φ଴(ݔ,  (ݐ)(ݑ
 

where  
 

(ݐ)ݖ = ଴ݔ(ݐ)ܵ + න  
௩(௧)

଴
ݐ)ܵ) − ଵܤ(ݏ + ݐ)ܵ − ݏ݀(ݏ)ߚ((ݏ)′ݎଶܤ((ݎ)ݎ + න  

௧

௩(௧)
ݐ)ܵ − ݏ݀(ݏ)ߚଵܤ(ݏ

+න  
௧

଴
ݐ)ܵ − ,ݔ)ܨ(ݏ ݏ݀(ݏ)(ݑ + න  

௧

଴
ݐ)ܵ − ,ݔ)ܪ(ݏ ,(ݏ)ݓ݀(ݏ)(ݑ

where
(ݐ)ݑ = ܶ)∗ܵ∗ଵܤ − ,{ℱ௧  |(ݔ)݌ଵି(Π଴்)}ॱ(ݐ ݐ ∈ [0, ,[(ܶ)ݒ
with

(ݔ)݌ = ்ݔ − ଴ݔ(ܶ)ܵ −න  
௩(்)

଴
ܵ(ܶ − ,ݔ)ܨ(ݏ ݏ݀(ݏ)(ݑ − න  

௩(்)

଴
ܵ(ܶ − ,ݔ)ܪ(ݏ ,(ݏ)ݓ݀(ݏ)(ݑ

 

 
 

and 
(ݐ)ݑ = ܶ)∗ܵ∗ଵܤ) − (ݐ + ܶ)∗ܵ∗ଶܤ − ,{ℱ௧  |(ݔ)݌ଵି(Π଴்)}ॱ((ݐ)′ݎ(ݐ)ݎ ݐ ∈ ,(ܶ)ݒ] ܶ],
with
(ݔ)݌ = ்ݔ − ଴ݔ(ܶ)ܵ − ∫  ்

௩(்) ܵ(ܶ − ,ݔ)ܨ((ݏ)ݎ ݏ݀(ݏ)(ݑ − ∫  ்
௩(்) ܵ(ܶ − ,ݔ)ܪ((ݏ)ݎ .(ݏ)ݓ݀(ݏ)(ݑ

 

 
Now, we are ready to prove the relative exact controllability of (1).  
 
Theorem 3  Assume that Hypothesis 1 holds and the linear stochastic system (5) is relatively exactly 
controllable. Then the operator ߔ଴ has a unique fixed point.  
 
Proof. The proof is similar to the proof of Theorem 1.  
 
Theorem 4  Assume that Hypothesis 1 is true and the linear stochastic system (5) is relatively exactly 
controllable on [0, ܶ], then the nonlinear stochastic system (1) is relatively exactly controllable.  
 
Proof. By Theorem 3, there exists a unique fixed point of an operator Φ଴. Let (ݔ଴ ,  ଴)(⋅) be the unique fixedݑ
point of an operator Φ଴. Then ்ݔ଴ = ்ݔ  for arbitrary ்ݔ ∈ ℒଶ(ℱ் ,ℋ). Thus system (1) is relatively exactly 
controllable on [0, ܶ].  
 
Corollary 2  Assume that Hypothesis 1 is true. If the deterministic linear system corresponding to a linear 
stochastic system (5) is relatively exactly controllable on all [0, ݐ ,[ݐ > 0, then nonlinear stochastic system (1) 
is relatively exactly controllable on [0, ܶ].  
 
Proof. By Theorem 4.2 from [9], the linear stochastic system (5) is relatively exactly controllable on [0, ܶ] if 
and only if the deterministic linear system corresponding to (5) small time relatively exactly controllable on 
[0, ܶ], that is, relatively exactly controllable on all [0, ݐ ,[ݐ > 0. Then by Theorem 4 nonlinear stochastic 
system is relatively exactly controllable on [0, ܶ].  
 
IV. Examples 
Example 1  Consider the following parabolic stochastic partial differential equation:  
 

ݕ݀ = కకݕ] ,ݐ)ݑଵܤ+ (ߦ + ,(ݐ)ݒ)ݑଶܤ (ߦ + ,ݐ)݂ ,ݐ)ݕ ,(ߦ ∫  ௧଴ ,ݏ)݃ ,ݏ)ݑ ݐ݀[(ݏ݀((ߦ

+ℎ(ݐ, ,ݐ)ݕ ,(ߦ ∫  ௧଴ ,ݏ)݇ ,ݏ)ݑ ,(ݏ)ݓ݀(ݏ݀((ߦ ݐ ∈ [0, ܶ], ߦ ∈ [0, ,[ߨ
,ݐ)ݕ 0) = ,ݐ)ݕ (ߨ = 0, ݐ > 0.

 (12) 
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Let ℋ = ࣥ = ,ଶ([0ܮ ݕܣ Define .([ߨ =   with ′′ݕ
 

(ܣ)ܦ  = ݕ} ∈ ℋ|  ݕ, కݕ   areabsolutelycontinuous, కకݕ ∈ ℋ, (0)ݕ = 0, (ߨ)ݕ = 0}, 
 

then  
 

ݕܣ  = ∑  ஶ
௡ୀଵ (−݊ଶ)(ݕ, ݁௡(ߟ))݁௡(ߟ), ݕ ∈  (ܣ)ܦ

 
with ݁௡(ߟ) = ඥ2/ߨsin݊ߟ, ݊ = 1, 2, 3, ⋯, ݁଴ = 1. 
 
It is well known that ܣ generates a strongly continuous semigroup ܵ(ݐ), ݐ > 0. 
 
Define an infinite dimensional space  
 

 ࣯ = ݑ} = ∑  ஶ
௡ୀଶ ∑௡݁௡  withݑ  ஶ

௡ୀଶ ௡ଶݑ < ∞} 
 

with norm ∥ ݑ ∥= (∑  ஶ
௡ୀଶ (௡ଶݑ

భ
మ.  

 
Define a linear continuous mapping ܤଵ from ࣯ to ℋ as follows  
 

ݑଵܤ  = (ߟ)ଶ݁ଵݑ2 + ∑  ஶ
௡ୀଶ  .(ߟ)௡݁௡ݑ

 
 The system (12) can be written in abstract form given by (1) with ܤଶ =  Then relative approximate .ܫ
controllability of the linear system associated with (12) follows from Theorem 5.2 [13]. In addition, if 
Hypothesis 1 is true. Then relative approximate controllability of (12) follows from Theorem 3.  
 
Example 2  Consider the following hyperbolic stochastic partial differential equation:  
 

ݕ(ݐ߲/߲)݀ = కకݕ] + ,ݐ)ݑଵܤ (ߦ + ,(ݐ)ݒ)ݑଶܤ (ߦ + ,ݐ)݂ ,ݕ ∫  ௧଴ ,ݏ)݃ ,ݏ)ݑ ݐ݀[ݏ݀(((ߦ

+ℎ(ݐ, ,ݕ ∫  ௧଴ ,ݏ)݇ ,ݏ)ݑ ,(ݏ)ݓ݀(ݏ݀((ߦ ݐ ∈ [0, ܶ], ߦ ∈ [0, ,[ߨ
,ݐ)ݕ 0) = ,ݐ)ݕ 1) = 0, ݐ > 0,
,0)ݕ (ߦ = ,(ߦ)ߤ ,0)ݕ(ݐ߲/߲) (ߦ = .(ߦ)ߥ

 (13) 

 
Let ℋ = ⊕(ଵ/ଶܣ)ܦ   ଶ([0,1]), endowed with the inner productܮ
 

,ݓ〉  〈ݒ = ർቂ
ଵݓ
ଶቃݓ , ቂ

ଵݒ
ଶቃ඀ݒ = ∑  ஶ

௡ୀଵ {݊ଶߨଶ〈ݓଵ, ݁௡〉〈݁௡, 〈ଵݒ + ଶݓ〉 , ݁௡〉〈݁௡ ,  .{〈ଶݒ
 

where ݁௡(ߟ) = √2sin݊ߟߨ, ݊ = 1, 2, 3, ⋯. 
 
Let  
 

ݖ  = ቂ
ݕ
ቃݕ(ݐ߲/߲) , (0)ݖ = ቂߥߤቃ, 

 
ଵܤ  = ଶܤ = ቂ0ܫ ቃ, 
 

ܩ  = ቂ0ℎቃ , ܨ = ൤0݂൨. 
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Define ܣ଴ݕ = (݀ଶ/݀ߦଶ)ݕ and  

ܣ  = ൤0 ܫ
଴ܣ− 0൨, 

 
with  
 

(଴ܣ)ܦ = ݕ} ∈ ,ݕ|ଶ([0,1])ܮ కݕ  are absolutely continuous, కకݕ ∈ ℋ, (0)ݕ = (1)ݕ,0 = 0}. 
 

then system (13) can be written as  
 

ݖ݀  = ݖܣ) + ݑଵܤ + (ݒ)ݑଶܤ + ,ݖ)ܨ ݐ݀((ݑ + ,ݖ)ܩ ,ݓ݀(ݑ (0)ݖ = ቂߥߤቃ. (14) 
 
It is well known that ܣ is the infinitesimal generator of a contraction semigroup ܵ(ݐ), ݐ > 0. 
It is well known that the linear stochastic system associated with (14) is relatively exactly 

controllable. In addition, if Hypothesis 1 is true. Then relative exact controllability (14) and hence that of (13) 
follows from Theorem 4.  
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