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ABSTRACT

In this paper, some properties of fractional Sumudu
transform for solving fractional differential equations
(FDEs) are presented. Approximate solutions for some
classes of FDEs have been studied using the Sumudu
transform method. The purpose of this work is to show the
advantages of using the Sumudu transform method and the
expansion of coefficients of binomial series to solve fractional
differential equations.
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INTRODUCTION

Differential equation are useful tools in mathematical models of real-life problems and in
applied mathematics. Differential equations have played a very important role in various applications of
mathematics and with the development of computers. Thus, the investigation and analysis of
differential equations led to many mathematical problems. Therefore, authors have proposed many
transformation techniques to solve different types of Differential equations such as: Laplace, Fourier,
Mellin, Hankel transformations and Sumudu transforms which are little known and still not widely used
to solve differential equations. The single Sumudu transform (or Sumudu transform) was originally
proposed by for exponential order functions to solve differential equations and control engineering
problems and proved many interesting properties in the T-domain and U-domain, as well as properties
and applications of Sumudu. Transform the ODEs described by it. Among integral transforms, the
Sumudu transform has unique preserving properties and can therefore be used to solve problems
without resorting to them in the frequency domain, and this is one of the many power points of this
new transform, especially with physical dimension problems.

Nonlinear PDEs appearing in many branches of physics, engineering, and applied mathematics
cannot be successfully described, thus they are described by models of fractional calculus, derived
formulas for the single Sumudu transform of partial derivatives and also applied them to solving initial
value problems (IVP), studied applications of the Sumudu transform in solving PDEs. The Sumudu
transform of partial derivatives is derived by [2] and its applicability is demonstrated using three

Journal for all Subjects : www.lbp.world



SUMUDU TRANSFORM FOR SOLVING SOME CLASSES OF FRACTIONAL DIFFERENTIAL ... VOLUME - 13 | ISSUE -5 | FEBRUARY - 2024

different PDEs. [3] Expanded Sumudu transforms between functions of two variables. Using this
extended definition, a function of two variables F(x, y) is transformed into a function such as F(u, v)
with emphasis on the solutions of the PDE. [4] presented an analytical investigation of the Sumudu
transform and applications to integral product equations. Laplace transform is the dual of Sumudu
transform for solving mathematical problems.

However, the Sumudu transform can be used to solve mathematical problems without resorting
to a new frequency domain. In the last two decades the subject of fractional calculus has been
extensively investigated and has gained considerable importance and popularity. [5] and [6] have
studied approximate solutions of FDEs of Lane-Emden type by collocation method and least square
method respectively. [7] extended the theory and applications of the Sumudu transform and used it to
solve FDEs by direct integration methods. [8] studied and proved the Sumudu transform properties and
the Laplace-Sumudu transform duality and complex inversion formulas while [9] developed analytical
methods for solving FPDEs and developed an extended Sumudu transform iteration method for solving
time and space FPDEs. Also, their system. They demonstrated the usefulness of the method by finding
exact solutions for a large number of FPDEs. [10] used Sumudu transform technique to solve difficult
problems for DEs with Caputo fractional derivative and solution of fractional diffusion-wave equation
while [11] used Sumudu transform and variational iteration method (VIM) to approximate. Entropy,
wavelets etc. [18] obtained approximate solutions of some homogeneous Fr-PDEs by applying the
Laplace of fractional derivatives and expanding the coefficients of the binomial series to the solutions of
the corresponding FDEs. Finally, many researchers studied the fractional Sumudu transform in [12, 13,
14, 15, 16, 17]. In this paper, we derive a standard formula for finding approximate solutions of some
classes of homogenous FPDEs using Sumudu fractional derivatives and expansion of coefficients in
binomial series. We solve the same equations as solved in [18] using Laplace. transform but we use
Sumudu transform instead and we get the same results.

Preliminary
In this section, we present the preliminary concepts and some definitions for this study.

Definition 2.1. Fractional Derivatives of Casual Functions [18]:

A fractional derivative of a periodic signal is periodic if it is defined over the entire real line. The
fractional derivative of a causally periodic signal is never causally periodic. The fractional derivative of
a logarithmic function can be approximated using the Caputo definition. These concepts have practical
applications, such as in the design of analog signal processing circuits.

The fractional derivative of a casual function f(t) is defined by [19] as follows:

Je @), if a=nelN,

e - .r)'.f_ v 1 — 1leaven,
T(n—a) Jy (t—z)> "™ if 1 v<in

where the Euler gamma function I (.) is defined by
T(z) = / et (R(z) > 0).
Jo

Definition 2.2 Sumudu Transform Method:

Sumudu Transform is introduced by Watugula in [1]. The Sumudu transform can be used to
solve problems without resorting to a new frequency domain. Due to its simple formulation and
consequent special and useful properties, the Sumudu transform has already shown a lot of promise. It
has been demonstrated here and elsewhere that engineering mathematics can help solve complex
problems in the applied sciences. However, despite the potential introduced by this new operator, only
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a few theoretical investigations have appeared in the literature over a period of fifteen years. Most
transform theory books available, if not all, do not refer to the Sumudu transform. Even relatively
recent well-known comprehensive handbooks, such as those of Debnath and Poulrikas, do not find
mention of the Sumudu transformation.

Sumudu transform of a function [20-21]. Let f (t) be a real function defined on the domain (0,
o0) Sumudu transform of f (t) is defined as:

G(u) = S[f(t)] = /.x. et f(ut)dt,u e C
J0

provided the integral exists for some u.

Definition 2.3 Mitag-Leffler function:
The Mittag-Leffler function is defined by [23].

EC\.,.'}’("—) — Z m (_ a, de ), F?(n = 0).

k=0

Definition 2.4 (The Simplest Right Function). The simplest write function [18] is defined as:

o k
o(cr, [3; 2 Zl—‘ﬁ—l— £—( B el).
k=0

Definition 2.5 (The Riemann-Liouville Fractional Derivatives).
The Riemann- Liouville fractional derivatives D§+yand D§—y of order a € C(R(a) = 0) are defined by
[24-25] as follows:

\a y(t)dt i
(Dayy)(z) = Th—a) JI / 7% — f'}Li e n=[Ra)+lz>a
And

o 1 d = & y(t)dt :
(yy)(x) = m(—a) L TR r— n=[Ra)]+1lz>b

respectively, where [R(a)] means the integral part of R(«).
Definition 2.6 (Pochhammer symbol). The Pochhammer symbol (or shifted factorial, since (1), =n! of n
€ N0 ={0,1,2,..}) [26-27] is given by:

(A), = 1, (n=10)
T AIAMA+D . A+ n—1), (ne No/{O}).
Definition 2.7 (binomial coefficient). The binomial coefficients are defined by [18] as follows:

A =n)! - n!

(A)_ Al MA=DA=n+1)

T

where A and n are integers.
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Observe that 0!=1, then,
@=0=1
And

B :i(: _ i<\+:—1) .

r=0 r=0

Fractional Sumudu transform
Using the definition of the fractional Sumudu transform, we can easily derive the following
operational formulas:

1. So{f(at)} = Gulaw),
Su{f(t—b)} = Eal(—b) = Ga(u),

v

3. Sa{Ba(—c"t")} = e Cals):
4. Su{ fy SO} = uoT (1 + )G (),
5, S{.{J‘ f}} Goluj— FlL-—uu’ 0|

6. S2{f(at.ba)} = Golau)Hy(bv).

=

S'i{j'{ttf')g;(h:t')} = Ci{tuz, be).
8 SZ{f(t—a,x—b)} = F,,{—{-’. + BY)GE (au, bv),
. S3{OFf(t @)} = SRl

o

o

10. If one defines the rotation expression of the order of two functions f(t) and g(t)

T

(flz)*g(x))a= | flo—v)g(r)(dv).

)}
then So{(f(t) * g(t))a} = v*GL(u)Hy(u), where Gu(uw) = S {f(t)} and
ch(u:} — -‘-’.a{y(”}'

and for the detailed proof of the above properties.

3. Method of solution of fractional differential equations
Throughout this section, consider y(t) such that for some value of the parameter u, the Sumudu
transform G(u) = S(y(t)) converges.

Theorem 3.1. Let o < a< 1 and b € R. Then, the FDE

(2) y* () —by(t) =0,t20.
with the initial condition y(0) = co the solution is

= (bu?)
i) = ‘Dzrnaﬂ}

Proof. Applying Sumudu transform for Equation (2)
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G — (0
M = l'!l(;(iizl =10
u
Then s
GO =T
Since
1— r‘m Z{l\l{h“
So.
(3) Gilu) =g Z[b[f“\}k.

k=0
Taking inverse Sumudu transform for Equation (3)

o (bu)*

o =e Dok + 1)

k=0
Theorem 3.2. Let 1 <a< 2 and a, b € R. Then, the following FDE

YOt +ay/(t) + by(t) =0, t>0.
with the initial conditions y(0) = co and y'(0) = c1 has the following solution

—h) f“"” = Tk +vr+ 1) (—at* 1]
r (v — 1) + ok + 1)t

ylt) = o

Ma

ke

)
{ h) I.ok+}. s r(.'l 4p+ ”[ fa—llr
k! = L((e — 1)r + oke + 20!

My

+

-
:

o I[JI k R f—1 .09 T(k+7r+1 gty
HfUz ( l—.( r }[ : ] T
g ({f\ —IJ'J'-I—HA'-}—H]J'.

ks

Proof. Applying Sumudu transform for Equation (4)

G(u) —GO)  G'(0) . alGu) ~ G(0))

U= =1 i

+ b () = 0.

That is,
Gu)(u™ + au™ 1.4 b) = (cpu™ + epul T 4 (I.t‘[}'u._l)_._
, cou™% 4 eyul ™ 4 acgu !
Glu) = A
u=a +aqu—14+h
Since
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1 u

u=® Lagu-11h — wl=a gt
u

— [} !
(Hl G S G’)(]_ B i ﬁ_

1 2. —bu
- - =+ z{ ul;“‘ - a')k.
' k=0
_!‘)R k4

- Z ¢ (L+au= (14 que—Tyk+1"
- Z(—b)* .QHGZ(—a;_Jﬂ—l)T(’" H).
.
k=0

r=o

oo B W
_ _Irk Ln—l_]r—nri.va_

E (=0 2 ( ?' )r.r

E=0 r=0

Then,

Glu) = i k i (}‘ - f) (a—1)r+ak
k=0 =)

== "
o0

- k+r ce—1)r+akt+l
+ ’1Zf h) Z( )

(5) + e (}Z( ?;}’I' Z (;‘ i j) i n’—‘|)"‘+ﬁf-‘+n—l‘

After taking the inverse Sumudu transform for equation (5), we get the solution

!c!'

k Z F(r‘\ +r+1 (—rrfﬂ_i'}r
]—‘({n —1)r+ak+ 1)t

y(t) = Hrz{ )

k=0
e ;)*-r okl 2 Dik 4+ r 4 1) (—at™ 1)
k! F{[cl — 1ir +ak+ 2)r!

+ a
:'.

=0
f: [_I[j}ﬂfruﬁ*r: 1 Re Tk + )'+l}(—nf”_f)r
— ['((a —1)r + ak + o)r!

+

e

= —1and b = —2 in Theorem 3.2, then, the following FDE

NIUJ

Example 3.1. If we let a =

(6) YD (1) — ¥ () — 24(t) =0, t>0.

has a solution

@)%t2* & Tk +r+ 1)t
y(t) = “0;“ i z%r( + 3k + 1)r!

., (2)Rt3 1 & T(k + r + 1)t
K LG+ 2k+2)r!

R
k=0
™) - e Z ey it S D7 D)
" sT(g+ 3k
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[18] solved equation (6) using the Laplace transform with the following solution

rz" e+ 1+ 1)t2
y(t) = Z ZF( ';A+1)

k=0

2 (@) 2 Dk 4+ 1)85

+ ©1 -

K ZT(5+3k+2)r!

o0 21,1 oo -

0y (2)kt2+2 Lk +r+ 1)tz
(8) - &y :Exl 1‘1(1 + é’,‘ + 131)!.1‘
k=0 ' r—=0 2 gk e

Therefore, the two solution equations (3.6) and (3.7) are identical

3.1 Remark
Let1<a<2anda,b € R. Then, the FDE

¥ () + ay/ (1) + by(t) =0, t=>0.
If a = 0 then, the FDE

um-]{(} +by(t) =0

with the initial conditions y(0) = cpand y'(0) = c1 has the following solution
J’n‘" s M“

! :‘”er.un_ 3 Zr{uu}

Theorem 3.3.Let 1 <a< 2 and a, b € R. Then, the FDE
(9) y @ (t) +ay’(t) + by(t) =0, t>0.

with the initial conditions y(0) = ¢y and y'(0)= c; has the following solution

G — = ? r% o Dk + 7+ 1) (—at? )
.U(ﬂ = rUE ZF(Z—M];TZ}-I-]_)?

r’;}k 241 22 T(k+4 7+ D{=at2—)7
(12 +1)(— )

£« T((2— a)r + 2k + 2)r!

(— hj J'z'i‘ —atd 2 T4+ 4+ 1}{—:”’9_“]"
) ”‘""Z T(2 —a)r + 2k —a+ 3)!

r=0

Z{ b}’w’* S Dk + v+ 1) (—at?)”
e x
: £« T((2- a)r+2k —a+4)r!

Proof. Taking Sumudu transform for Equation (9)
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i 1_ a3 alG(u) —alG(0 !
(u) — G(u) _ (0) _ 1G(u) — aG(0 ) G '[ﬂ) + b3 ()
H.z u T -2

G{-H)(u_:“ +au "+ b)= cou™2 + equt + aegu® + aequ=0.
Since,

1 u®
u=2 + auw=2 + b w2 + q + buo’

" o

(= L)

B u® i( —bu” \E
 (we24qa) = w2 +a"

k Ln»—i—nr

= Z F— 2 1-+1
{tr +a)

{))LEEZR 2

Z (1 _|_ﬂ”2 :1)5’44—1
k+r
_ I k. 2k42
E ( h) E —au® ( 5 )

r=0

_ Z(_,) Z (*’- +i') (—a)rul2-eIr 22

r=0

Then

oo

Glu) = o Z[—h "Z (A * "){ a)rul2—alr+2k
+ o Z[—b ( _ ){_u]a-.&(a_n}r—gaz—;|
+ mnz —p)* i C‘ + ’)(_!,__}r”_tz—nh-+2;-_r,+r_>
(10) + mgz (—b) Z (1‘ +;)(_”I}J"”f?—rr)r+‘2l‘—u+3'

=l

P’J»’D

r=il

Taking the inverse Sumudu transform for equation (10).

o Wty s
y(t) = @ (_"’)AZ( - ’)(_”)?m

k=0 r=l}
= . = 7k + r ) pl2—a)r+2k41
& —b - —a)’
! (12( ) X_;}( : )( ) (2—a)r +2k+1)!
i i i L
: k+r #(2—a)r+2k—a+2
_pyk ki
+ a(u;( b) ;} ( . )( a) G—arsh—atd)

#2—a)r+2k—a+3

| ool % —3'k - '(—'_I )T -
+ t!(-jz_:( b) Z( 7 )( a) ((2—a)r+ 2k —a+3)1
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Hence,

_1 kf% o INGS - 1) (—¢ r?—a r
gy = ’”Z( ) +r+ 1){(—at")

9 _ 9
= I'((2 —a)r+2k+1)r!

(— h)lf% 1 29 C(k+r+1)(— —at? o
i “Z T((2— a)r + 2k + 2)r!

k=0 r=I()
z,)* (2t = Th+r+1)(—at® )
+ ”'”Z — T(2—o)r +2k—a +3)r
—1 kPrZﬂ e e Tk~ 1 '_._!Q—n T
N mlz h) (k+r+1)(—at”™")

—0 T((2—o)r+2k—o+ 4)_;'!.
Example 3.2. Ifwe let « :%’ a =v3 and b = 8 in Theorem 3.2, then, the FDE

(11) y'(t) + ay'® +by(t) =0, ¢>0.

with the initial conditions y(0): = ¢ and y'(0) = c1 has the following solution

oo a2 0;' el "
() — f__nzt 8)ki ZP{I+ + 1)(—V3eay

LT =T TGk
(—8) f”*l Tk + 7+ 1)(—/3t2)
=2 tLZ R T
k=0 r=0 L(§ +2k+2)r!
y i 120+3 2 T(k 4+ + 1)(—v/3t3)
st Lt F(._}+2£+2).
o hzb—— e S Y :’_;f% "
(12) + Z L )

T(5 + 2k + 3)r!

r=0
[18] solved equation (11) using the Laplace transform with the following solution

2 (8P STk e L) (—v/38)

LU’("I) = [ i
k=0 Kl 5 q ['(g5 +2k+ 1)r!
4+ ¢ i (_8)-{-‘-1‘2#?-5—] o0 F(A il 1 \/_fz
k=0 k! e F(g+2ﬂ.+2);,
e 9.1l oo ;
(=BT STk +7+ 1)(—v3e2)"
+ V3e - i i
g o rz:;l F(§ + 2k + %)?'!
- }”"“}‘" 2 T(k+r+ 1)(—v3t3)"
W) auz ) 13 (k+r+1)( )

Therefore, the two solutions of Equations (12) and (13) are identical

CONCLUSION
In this study, Fractional Sumudu transform is studied. The operational formulas of the fractional
Sumudu transform are derived. Fractional Sumudu transforms and expansions of binomial series

Journal for all Subjects : www.lbp.world



SUMUDU TRANSFORM FOR SOLVING SOME CLASSES OF FRACTIONAL DIFFERENTIAL ... VOLUME - 13 | ISSUE -5 | FEBRUARY - 2024

coefficients are used to solve some classes of FDEs, leading to several interesting results. The
approximate solutions of the problems using the new method agree very well with the analytical
solutions. Hence, this method is more economical in terms of computation steps than other existing
transformation methods. Therefore, we can conclude that the new method is computationally very
efficient for solving some classes of FDEs.
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